REMARKS ON SUBCATEGORIES OF ARTINIAN MODULES 



NAOYA HIRAMATSU 

Abstract. We study two subcategories of the category of artinian modules, 
a wide subcategory and a Serre subcategory. We prove that ah wide sub- 
categories of artinian modules are Serre subcategories. We also provide the 
bijection between the set of Serre subcategories and the set of specialization 
closed subsets of the set of closed prime ideals of some completed ring. These 
results are artinian analogues of the theorems proved in [13]. 



1. Introduction 

Classification theory of subcategories fias been studied by many autliors in 
many areas [3, 4, 8, 14, 5, 13, 6]. In 1990's, Hopkins [4] and Neeman [8] classify 
thick subcategories of the derived categories of perfect complexes in terms of 
the ring spectra. Thomason [14] generalizes this result to quasi-compact and 
quasi-separated schemes. Now the classification theorem by them is known as 
the Hopkins-Neeman- Thomason theorem. 

Let us recall the definitions of several subcategories of an abelian category. We 
say that a full subcategory is wide if it is closed under kernels, cokernels and exten- 
sions. A Serre subcategory is defined to be a wide subcategory which is closed un- 
der subobjects. Let i? be a commutative noetherian ring and M be an i?-module. 
We denote by Mod(i?) the category of i?-modules and i?-homomorphisms and by 
mod(i?) the full subcategory consisting of finitely generated i?-modules. We also 
denote by Spec R the set of prime ideals of R and by Ass/jM the set of associated 
prime ideals of M. 

Classifying subcategories of a module category also has been studied by many 
authors. Classically, Gabriel [3] gives a bijection between the set of Serre subcate- 
gories of mod(-R) and the set of specialization closed subsets of Spec R. Recently, 
the following result was proved by Takahashi [13] and Krause [6]. Takahashi [13] 
first proved the theorem and Krause [6] generalized it to the category of arbitrary 
modules which is closed under submodules, extensions and direct unions. 



Date: October 12, 2011. 

2000 Mathematics Subject Classification. 13C05, 16D90, 13J10. 

Key words and phrases, artinian module, wide subcategory, Serre subcategory. 

1 



2 



NAOYA HIRAMATSU 



Theorem 1.1. [13, Theorem 4.1] [6, Corollary 2.6] Let R be a noetherian ring. 
Then we have the following 1-1 correspondences; 

J subcategories of mod(i?) closed under \ — ^ — > j a ^ f q t> \ 

\ 7 T 7 7 » • { I SUOSetS of ODGC IL f 

suomoaules ana extensions J < 



Serve subcategories 1 > ( specialization closed 



of mod(i?) j < — - — I subsets of Spec R 
where ^(M) = UMeM^ssnM and $(cS) = {M e mod|AssRM C S}. 

In addition, Takahashi [13] pointed out a property concerning wide subcate- 
gories of mod(i?). Actually he proved the following theorem. 

Theorem 1.2. [13, Theorem 3.1, Corollary 3.2] Let R be a noetherian ring. Then 
every wide subcategory o/mod(i?) is a Serre subcategory ofmod{R). 

It is worth nothing that Hovey [5] proved the theorem by using the Hopkins- 
Neeman-Thomason theorem, but in the case when i? is a quotient ring of a 
coherent regular ring by a finitely generated ideal. 

In the present paper we want to consider the artinian analogue of these results. 

In section 2, we consider wide subcategories of artinian modules. We shall show 
that the artinian analogue of Theorem 1.2 also holds. 

Theorem 1.3 (Theorem 2.11). Let R be a noetherian ring. Then every wide 
subcategory of Art{R) is a Serre subcategory o/Art(i?). 

In section 3, we propose to classify Serre subcategories of artinian modules. We 
consider some completion of a ring (see Proposition 3.9), so that all of artinian 
modules can be regarded as modules over it. We classify Serre subcategories in 
terms of a specialization closed subset of the set consisting of closed prime ideals 
of the completed ring. 

Theorem 1.4 (Theorem 3.19). Let R be a noetherian ring. Then one has an 
isomorphism 

{ subcategories of Art{R) closed under quotient modules and extensions } 
= { subsets of the set consisting of closed prime ideals of R }. 

Moreover this induces the isomorphism 

{ Serre subcategories of Art {R) } 

specialization closed subsets of 
the set consisting of closed prime ideals of R 

In this paper, we always assume that R is a, commutative ring with identity, 
and by a subcategory we mean a nonempty full subcategory which is closed under 
isomorphism. 
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2. WIDE SUBCATEGORIES OF ARTINIAN MODULES 

In this section, we investigate wide subcategories of artinian modules. First we 
recall the definitions of the categories. 

Definition 2.1. A subcategory of an abelian category is said to be a wide sub- 
category if it is closed under kernels, cokernels and extensions. We also say that 
a subcategory is a Serre subcategory if it is a wide subcategory which is closed 
under subobjects. 

Let M be an artinian i?-module. We denote by Soc(M) the sum of simple 
submodules of M . Since Soc(M) is also artinian, there exist only finitely many 
maximal ideals m of i? for which Soc(M) has a submodule isomorphic to i?/m. Let 
the distinct such maximal ideals be rrii, • • • , rris. Set Jm = fYi=i ^ ^^'^ Ri-^M) — 

Lemma 2.2. [12, Lemma 2.2] Each non-zero element m E M is annihilated by 
some power of Jm- Hence M has the natural structure of a module over R^-^m) 
such a way that a subset of M is an R-submodule if and only if it is an 
submodule. 

Proof. Although a proof of the lemma is given in [12], we need in the present 
paper how the i^^-^^^^-module structure is defined for an artinian module M. For 
this reason we briefly recall the proof of the lemma. 

Since Soc(M) = ©Li(^M)"% ^ can be embedded in ©|^i(S^(i?/mi))"» 
where Eji{R/m) is an injective hull of R/m. Note that an element of Eji{R/m) 
is annihilated by some power of m. Hence one can show that each element of M 
is annihilated by some power of rrii • • • = Jm- 

Let X e M and f = (r„ + J]J^)neN €E Suppose that J^x = 0. It is 

straightforward to check that M has the structure of an i?*^''*f)-module such that 
fx = r^x. 

□ 

Remark 2.3. As shown in the proof of Lemma 2.2, M can be embedded in 
(Bl=i{ER{R/mi)y''\ Thus the maximal ideals rrii, ■ • • ,ms are just associative 
prime ideals of M since Assr©|^i {ER{R/vXi)Y^ — AssrSoc(M) = {rrii, • • • ,ms}. 

By virtue of Lemma 2.2, each artinian i?-module can be regarded as a module 
over some complete semi-local ring. We note that Matlis duality theorem is 
allowed over a noetherian complete semi-local ring (cf. [9, Theorem 1.6]). It is the 
strategy of the paper that we replace the categorical property on a subcategory of 
finitely generated (namely, noetherian) modules with that of artinian modules by 
using Matlis duahty. We denote by Art(i?) the subcategory consisting of artinian 
i?-modules. 
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Lemma 2.4. Let {R,mi,--- ,ms) be a noetherian complete semi-local ring and 

set E = ®l^iE ji{R / vcii) . For each subcategory X ci/Mod(i?), we denote by = 
{M^ I M G X} where (— )^ = Hom/?(— Then the following assertions hold. 

(1) If X is a subcategory of Art (R) (resp. mod{R)) which is closed under 
quotient modules (resp. submodules) and extensions, then X^ is a subcat- 
egory ofmod{R) (resp. Art(i?) j which is closed under submodules (resp. 
quotient modules) and extensions. 

(2) If X is a wide subcategory of Art (R) (resp. mod{R)), then X^ is also a 
wide subcategory o/mod(i?) (resp. Ait^R)). 

(3) If X is a Serre subcategory of Art (R) (resp. mod(i?)^, then X^ is also a 
Serre subcategory ofmod{R) (resp. Art{R)). 

Proof. Since Matlis duality theorem is allowed over a noetherian complete semi- 
local ring, the assertions hold by Matlis duahty. 

□ 

Definition 2.5. Let M be an i?-module. For a nonnegative integer n, we induc- 
tively define a subcategory Wid^(M) of Mod(i?) as follows: 

(1) Set Wid?j(M) = {M}. 

(2) For n > 1, let Wid^(M) be a subcategory of Mod(i?) consisting of all 
i?-modules X having an exact sequence of either of the following three 
forms: 

B ^ X ^0, 
0^ X ^ B, 
O^A^X^B^O 

where A,B e Wid^-^(M). 

Remark 2.6. Let M be an i?- module and n be a nonnegative integer. Then the 
following hold. 

(1) There is an ascending chain {M} = Wid?j(M) C Wid^(M) C • ■ ■ C 
Wid^(M) C • • • C WidR(M) of subcategories Mod{R), where WidR(M) 
is the smallest wide subcategory of Mod(i?) which contains M. 

(2) Un>oWidS(M) is wide and the equality Widfl(M) = U„>oWidS(M) 
holds. 

Definition 2.7. Let J be an ideal of R. For each i?-module M, we denote by 
rj(M) the set of elements of M which are annihilated by some power of J, namely 
TjIm) = UneN(0 -M J")- An it:-module M is said to be J-torsion if M = rj(M). 
We denote by Mod j{R) the subcategory consisting of J-torsion it!-modules. 

Lemma 2.8. For each object M in Modj{R), M has the structure of an R^'^'>- 
module where R^"^^ is a J-adic completion of R. 

Remcirk 2.9. By using an inductive argument on n, we can show that if M is ar- 
tinian (resp. J-torsion), then |J^>q Wid^(M), hence Widij(M), is a subcategory 
of Art(i?) (resp. Mod j{R)) since Art(i?) (resp. Mod j{R)) is a wide subcategory. 
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Corollary 2.10. Let M be an artinian R-module. T/ien Widfl(M) andWidpg^(j^){M) 
are equivalent as subcategories 0/ Art(i2*^"^*f^). 

Proof. As remarked above, since M is JM-torsion, we can naturally identify 
Wid^(M) with a subcategory of Modjj^^{R). It is also a subcategory of Art(^*^"^*f)) 
by Lemma 2.8. 

□ 

Theorem 2.11. Let R be a noetherian ring. Then every wide subcategory of 
Art(-R) is a Serre subcategory o/Art(i?). 

Proof. Let X be a wide STibcatcgory of Art(/?). It is sufficiently to show that X is 
closed under submodulcs. Assume that X is not closed under submodules. Then 
there exists an i?-module X in X and i?-submodule M oi X such that M does 
not belong to X. Applying Lemma 2.2 to X, X is a module over the complete 
semi-local ring R ■= RiJx) and M is an i?-submodule of X. Now we consider the 
wide subcategory Wid/j(X). By virtue of Corollary 2.10, Wid^(X) = Wid^(X) 
as a subcategory of Art(i2). Since i? is a complete semi- local ring, by Matlis 
duality, we have the equivalence of the categories Wid^(X) = {Wid^(X)^}''P = 
Wid^(X^)°f where (-)^ = Hom^(-, £;^(^/Jx^)). Since Wid^(X^) is a wide 
subcategory of finitely generated i?- modules, it follows from Theorem 1.2 that 
Wid^(X^) is a Serre subcategory. Thus is contained in Wid^(X^). Using 
Matlis duality again, we conclude that M must be contained in Wid^(X) = 
Widi^(X), hence also in X. This is a contradiction, so that X is closed under 
submodules. 

□ 

3. Classifying subcategories of artinian modules 

In this section, we shall give the artinian analogue of the classification theorem 
of subcategories of finitely generated modules (Theorem 3.19). First, we state 
the notion and the basic properties of attached prime ideals which are play a key 
role of our theorem. For the detail, we recommend the reader to refer to [11, 12] 
and [7, §6 Appendix.]. 

Definition 3.1. Let M be an i?-module. We say that M is secondary if for each 
a & R the endomorphism of M defined by the multiplication map by a is either 
surjective or nilpotent. 

Remcirk 3.2. If M is secondary then p = a.nnii{M) is a prime ideal and M is 
said to be p-secondary. 

Definition 3.3. M — Si-\ h -S^ is said to be a secondary representation if Si 

is a secondary submodule of M for all i. And we also say that the representation 
is minimal if the prime ideals pj = •\/annfl(S'i) are all distinct, and none of the 
Si is redundant 
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Definition 3.4. A prime ideal p is said to be an attached prime ideal of M if M 
has a p-secondary quotient. We denote by AttuM the set of the attached prime 
ideals of M. 

Remark 3.5. Let M be an it!-module. 

(1) If M = 5*1 + ■ ■ ■ + S'r is a minimal representation and pi — ^/ a,nnii(Si) . 
then AUrM = {pi, ■ ■ ■ ,pr}. See [7, Theorem 6.9]. 

(2) Let M be an i?-module. Given a submodule C M, we have 

AUrM/N C Att rM C Att r{N) U AUrM/N. 

See [7, Theorem 6.10]. 

(3) It is known that if M is artinian then M has a secondary representation. 
Thus it has a minimal one. See [7, Theorem 6.11]. 

Let (/?, m) be a nocthcrian local ring and X a Scrrc subcategory of Art(i?). 
By virtue of Lemma 2.2, Art(/2) is equivalent to Art(i?) where R is an m-adic 
completion of R. Now we consider A" as a subcategory of Art(/2). Since 
is a Serre subcategory of mod{R) (Lemma 2.4), A"^, hence A", corresponds to 
the specialization closed subset of Spec R by Theorem 1.1. Namely there is 
the bijection between the set of Serre subcategories of Art(i?) and the set of 
specialization closed subsets of Spec R. This observation provides us that we 
should consider a larger set than Spec R to classify subcategories of artinian 
modules. 

In the rest of this section, we always assume that is a noetherian ring. 

As mentioned in Lemma 2.2, we can determine some complete semi-local rings 
for each artinian module respectively, so that the artinian module has the module 
structure over such a completed ring. Now we attempt to treat all of artinian 
it!-modules as modules over the same completed ring. For this, we consider the 
following set of ideals of R: 

T = { / I a length of R/I is finite }. 

The set T forms a directed set ordered by inclusion. Then we can consider the 
inverse system {R/I, fj p} where fjji are natural surjections. That is, 

1,1' eT and I' CI^ fij, : R/I' R/I. 
We denote ]^m^^^R/I by R-j-. 

Lemma 3.6. Every artinian R-module has the structure of an R-j— module in 

such a way that a subset of an artinian R-module M is an R-suhmodule if and 
only if it is an R-j-- submodule. Consequently, we have an equivalence of categories 
Art(i?) = Art(^r)- 
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Proof. The proof of the first part of the lemma will go through similarly to the 
proof of Lemma 2.2. The last part of the lemma holds from the definition of the 
i?7-module structure. □ 

We set another family of ideals of as 

J ^ { nii^ • • • m^* I mj is a maximal ideal of R, ki eN}. 

It is also a directed set ordered by inclusion and we denote hy Rj its inverse hmit 
on the system via natural surjections. 

Proposition 3.7. There is an isomorphism of topological rings; 

Rt — Rj- 

Proof. Let / be an ideal in T. Note that AssrR/I — {mi, ■ ■ • ,ms} for some 
maximal ideals ntj of R. Since ntj are finitely generated, there exists a positive 
integer k such that (mi ■ ■ ■ m^)^ C /. Thus, for each ideal / in T, we can take 
some ideal J in J' such that J C I. Hence T and give the same topology on 
R, so that Rj- = Rj as topological rings. 

□ 

Now we consider a direct product of rings 

n 

nSmax(i?) 

where max(i?) is the set of maximal ideals of R and R^ is an m-adic completion 
of R. We regard the ring as a topological ring by a product topology, namely the 
hnear topology defined by ideals which are of the form m^^^j x • • • x mj^^^ x 
Hn^mi ••• ms ^ some m^ e max(it!) and ki e N. 

Proposition 3.8. [1, §2.13. Proposition 17] There is an isomorphism of topo- 
logical rings 

Rj = Y\ -^n- 

nemax(R) 

Proof. Let J be an ideal in J and suppose that J — m^^ ■■■mf^^ Note that 
R/ J is isomorphic to 11^=1-^/^!^' Chinese remainder theorem. Let us set 
A = nnemax(ii) "^n- For all JeJ,we define mappings (fj : A ^ R/ J hy 

s 

ifj-.A^ R/J ^ Yl R/m^; (a„) ^ {a^k, ,a^k.). 

i=l 

Here we denote {a^k + m'^) E Rmhy a^. It is easy to see that (p — {<pj}jej is a 
morphism from A to Rj. Write pj : Rj ^ R/ J ior the projection. We note that 
the topology of Rj coincides with the linear topology defined by {Ker pj}j£j 
(cf. [7, §8]). Set Vj — ker pj. For each Vj, we take the open set Wj — 
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m^^Ani X • • • X m^An. X n„^mi,...,m. m A. Then pj o ^{Wj) = 0. Thus 
^iy^j) ^ Vj, so that </? is continuous. 

For each ideal J & J', we take an ideal Wj of A as above. As mentioned 
before, A has a linear topology defined by {Wj}j^j, and ^mvl/iyj = A. We 

define mappings ipj : Rj ^ A/Wj by 

^Pj-.Rj^ A/Wj ^ J] i?/mf ^ i?/ J; (aj + J) ^ oj. 

We also see that ■0J induces the morphism = ■ Rj ^ A which is 

a continuous mapping. In fact, Wj is just a kernel of the natural projection 

A — )■ A/Wj and '?/'(Vj) goes to via the projections. 

Finally, we shall show 93 o t/; = 1^^ and ijj o ip = 1^, but this is clear from the 
definition of (f and ip. 

□ 

Combining Proposition 3.7 with Proposition 3.8, we can show the following. 
Corollary 3.9. There are isomorphisms of topological rings 

R-T — Rj — W Rn- 

nGmax(i?) 

For closed prime ideals of nnemax(ii) ^® have the following result. 

Proposition 3.10. Every proper closed prime ideal of nnemax(R) -^n is of the 
form p X nnGmax(R) m^n /'^'^ somc prime ideal p e Spec R^. Hence we can 
identify the set of closed prime ideals of nnemax(i?) -^n with the disjoint union of 
Spec Rra, i.e. lJnemax(i?) Spec i?„. 

Proof. Let us set A = nnemax(R) ^® ^^^^ element = (em.n) of A defined 

by 

i, if m = n, 
0, otherwise. 

Let ^ be an arbitrary closed prime ideal of A. Since e-i-e^ — 0, we have e[-e^ e 
Thus if there is a maximal ideal m such that is not contained in ei is in ^ 
whenever i is not equal to m. 

Suppose that ^ ^i. Then *p contains ei for all maximal ideals I 7^ m. 
First we shall show the family (e[) where I runs through all maximal ideals of 
R except m is summable in A. Namely the sum e = Se[ is an element of A. 
For each neighborhood Wj (of 0) in A, we take a finite set of maximal ideals 
Hj = {rrii, • • • , tTis, m}. Then one can show that 
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for every finite set of maximal ideals H which does not intersect with Hj. Thus 
our claim follows from Cauchy's criterion ([2, Chapter 3, §5, no. 2, Theorem 1]). 
Note that e is contained in *p since *P is a closed ideal. Thus sA = x ntiT^m 
is an 74-submodule of Then we have the sequence: 

-> ^/sA A/sA ^Rm^ A/^ 0. 
Since ^/eA is a prime ideal of Ryn, we conclude that ^ is of the form p x 
nn6ma^(i?),m^n^n somc prime idcal p G Spec Rm- 

Suppose that all of elements are contained in ^. Then we can easily show 
that ^ — A and this is a contradiction. 

□ 

By virtue of Corollary 3.9, we can equate the rings R-j-, Rj and rinemax(ii) -^n- 
In the rest of this paper we always denote them by R and identify the set of 
closed prime ideals of R with IInemax(_R) Spec Rn. 

Let M be an artinian i?-module. It follows from Lemma 3.6 that M is also an 
artinian /^-module. 

Proposition 3.11. Let M be an artinian R-module. Then ann^(M) is a closed 
ideal of R. 

Proof. We denote by Ui a kernel of the natural projection Rq > R/I for each 

ideal I E T- It suffices to prove that the inclusion ann^(M) D n/e7-(ann^(M) + 
Ui) holds. Take an arbitrary element a e r\i^r{^^^R{M) + Uj). Then there exist 
some elements 6/ G ann^(M) and c/ G Uj such that a = bj + cj for all /. Let x 
be an element of M. Then there exists some ideal I eT such that Ix — 0. Thus 

dx — {bj + ci)x — cjx — cjjx C. Ix — 0. 

Hence d is an annihilator of M. 

□ 

Remark 3.12. Under the same assumption in Proposition 3.11, a radical of 
ann^(M) is also a closed ideal. In fact, let d be an element of a closure of 
A/ann^(M). Take x G M and suppose that Ix = Q for some I E T. Since 
6/ G A/ann^(M), 6f G ann^(M). Hence we see that d'^x — {bj + ci)''x ~ holds, 
so that d G •y/ann^(M). Consequently, Att^M is a subset of the set of closed 
prime ideals of R. 

Lemma 3.13. [10, Exercise 8.49] Let M be an artinian R-module. Set AssrM — 
{trii, . . . , tris}. Then M is direct sums ofFrmiM), namely M — ^f^J^rmiM) . 

Proof. It is clear that M contains Ef^-J'rniiM). 

For each element x G M, there is some positive integer k such that J'^x = 
where J = mi . . . m^. Since mi, . . . nis are all distinct maximal ideals, we have 

m^ma • • • m^_i + m'^m'^ ■ ■ ■ m^_2m^ H h mamg • • • = -R. 
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Thus there are elements e • • • mf_^m^^i • " " such that Sf^^^rj = 1, and we 
get the equahty x — S?^^riX. Then we can show that each riX is an element of 
r^,{M). In fact, 

m^VjX C m^m2 • • • m^x = 0. 

Therefore we obtain M = S|^-|^rm-(M). 

It remains to show the sum above is a direct sum. This follows from the facts 
that Assi?(r„ii(M)) = {rrii} and all ttij are distinct. 

□ 

Let M be an m-torsion i?-module. Then M has the structure of an i?-module 
and an ii^-module. Note that the ii^-module action on M is identical with the 
action by means of the natural inclusion — > nn6max(K) Rn — R- We also note 
from Lemma 3.6 or Lemma 2.2 that N is an i?-submodule (resp. a quotient ^- 
module) of M if and only if it is an i?^-submodule (resp. a quotient i?„i-module) 
of M. 

Proposition 3.14. Let M be an m-torsion R-module. Then 

AttpM = Attp M 

as a subset o/ llnemax(i?) Spec i?„. 

Proof. Let ^ G Att^M and be a ^-secondary quotient i?-module of M. 
Note that W is also a quotient i?m-module of M. As noted in Remark 3.12, 
*P = ^J axmf^iW) is a closed prime ideal. Thus ^ is of the form p x Hi^n-^n 

where p is a prime ideal of for some maximal ideal I. First we shall show 
I = m. For this, we show e„ e ^ if n 7^ m (see Proposition 3.11 for the definition 
Cn). Let X be an element of W and suppose that m^x — 0. The i?- module action 
fx is defined by r^^kX for each f & R. Then we see that 

CfiX — e„„,x = Oj^kX — 0. 

Thus, if n 7^ m, Cn is contained in ann^(V|/), so that in ^y annj^{W) = Hence 
e^R — Rn whenever n 7^ m, so that I must be m. Consequently, p is a prime 
ideal of R^- 

Since the i?„-action on W is the same as the action via the natural inclusion 
Rjn R, we have ^/ann^{W) n R^ ^ y^ann^_^(H^). Therefore p e Att^-_^M. 

Conversely, let q be an attached prime ideal of M as Rm modules and be a 
q-secondary quotient i?n^-module of M. Then V is also an /^-quotient module of 
M, and H = q x Yl„^^ Rn is equal to -^ann^(y). Hence O. G Att^^M. 

□ 

Combing Proposition 3.14 with Lemma 3.13, we have the following corollary. 
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Corollary 3.15. Let M be an artinian R-module. Then 

meAssjjM 

as a subset o/Unemax(R) Spec i?„. 

Let us state the result which is a key to classify the subcategory of the category 
of noetherian modules. 

Theorem 3.16. [13, Corollary 4.4] [6, Corollary 2.6] Let M and N be finitely 
generated R-modules. Then M can be generated from N via taking submodules 
and extension if and only if Ass rM C AssrN. 

The following lemma is due to Sharp [11]. 

Lemma 3.17. [11, 3.5.] Let (i?, mi,-- - ,ms) be a commutative noetherian com- 
plete semi-local ring and set E — ©|^j£'R(i?/mi). For an artinian R-module M, 
we have 

AUrM = AssijHomij(M, E). 

The next claim is reasonable as the artinian analogue of Theorem 3.16. 

Theorem 3.18. Let M and N be artinian R-modules. Then M can be generated 
from N via taking quotient modules and extensions as R-modules if and only if 
Att^M C Aiif^N. 

Proof. Suppose that M is contained in quotcxt^(A^). It is clear from the property 
of attached prime ideals (Remark 3.5) that Att^M C Att^A^ holds. 

Conversely, suppose that Att^M C Attj^A^. First, we shall show that we may 
assume that M and N are m-torsion i?-modules for some maximal ideal m. In 
fact, M (resp. A^) can be decomposed as M = ®m&KssB,M'^m{.M) (rcsp. = 
ffin6Ass_RAfrn(A^)) and the assumption implies that Att^'^^rn,(M) C Att^'^^rn^(A^) 
for all m G Ass/jM by Corollary 3.15. If we show that V^[M) is contained in 
quotextj^(rvn(A^)), we can get the assertion since quotextj^(A") is closed under 
direct sums and direct summands. 

Let Af and A^ be m-torsion /^-modules and E be an injective hull of R^/xnRxa 
as an i^n^-module. Since M and A^ are also artinian i^n^-modules, and A^^ are 
finitely generated i?n^-modules by Matlis duality, where {~Y — Hom^_^^(— , i?). 
Since Att^^M (resp. Att^-^A^) is equal to Ass^-^M^ (resp. Ass^-^A^^) (Lemma 
3.17), the inclusion 

Assp C Assp A^"" 

holds. By virtue of Theorem 3.16, we conclude that can be generated from 
A^^ via taking submodules and extensions, i.e. e subext^^(A"'^). Hence it 
follows from Matlis duality and Lemma 2.4 that 

^vv ^ subext^- (A^'')'' = quotext^- (A^). 
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Since artinian i^m-modules are also artinian i?- modules (cf. Lemma 2.2), we 
conclude that M e quotext^(A'"). 

□ 

We define by ^ the map sending a subcategory X of Art(i?) to 

AttA" = UMeA-Att^M 
and by $ the map sending a subset S of U„einax(R) ^P®^ -^n to 

{M e Art(i?) lAtt^M C S}. 

Note from Corollary 3.15 that ^'(A') determine the subset of IJnemax(R) Spec 
On the other hand, it follows from Remark 3.5 (2) that ^{S) is closed under 
quotient modules and extensions. 

Now we state a main theorem of this section. 

Theorem 3.19. Let R be a commutative noetherian ring. Then ^ and $ induce 
a bijection between the set of subcategories of Art{R) which are closed under 
quotient modules and extensions and the set of subsets ofW^^^^^f^^^ Spec Rn. 

Moreover, they also induce a bijection between the set of Serre subcategories of 
Art(i?) and the set of specialization closed subsets ofW^^^^^^^^^ Spec 

Proof. Let be a subcategory of Art (7?) which is closed under quotient modules 
and extensions. The subcategory $^(A') consists of all artinian /?- modules M 
with Att^M C UxeA^Att^X. It is clear that A is a subcategory of 
Let M be an artinian i?- module with Att^M C Uxe^^Att^X. For each ideal 
^ e Att^M, there exists X^^) e X such that <P e Att^X^^). Take the direct 
sums of such objects, say X = ©'peAtt^M-^*^'^''! X is also an object of X. In fact, 
Att^M is a finite set and X is closed under finite direct sums. It follows from the 
definition of X that Attj^M C Att^^X. By virtue of Theorem 3.18, M is contained 
in quotext^(X), so that in X. Hence we have the equahty X — ^^!{X). 

Let 5" be a subset of lInGmax(/?) ^pec Rn- It is trivial that the set ^^{S) is 
contained in S. Let p be a prime ideal in S. Take a maximal ideal m so that p 
is a prime ideal of R^. We consider an i?„-module Ej^^i^j^^[R^/vn.R^). Then we 
have the equality: 

Note that Ej^^{R^/vciRm) is artinian as an i?-module. Indeed, we have the equal- 
ity Eji^{R^/mRra) = ER{R/mR) as i?-modules ([7, Theorem 18.6 (in)]). Since 
Ej^^l^j^^{R^/mR^) is an i?n,-submodulc (thus an i?-submodule) of E^^{R^/\x\.Rxn), 
it is an artinian i?-module. Hence Ej^i^j^^R^/vciRm) is an artinian i?-module 
which is a p-secondary i^m-module. Consequently, E ^^j^^^^R^/ vciR^) belongs to 
$(5), so that p e 
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Suppose that A" is a Serre subcategory of Art(i?). Let p be a prime ideal of Rm 
which is contained in ^{X). Chose q e Spec such that p C q. Then we have 
the inclusion of it!ni- modules (hence, of i?-modules): 

Since Ej^^^^j^^{Rya/vnRra) is an artinian i?-module which is a p-secondary R^- 

module, Ej^^^^j^^^R^/mRra) is contained in X. Thus Ej^^^^j^^(Rm-/^Rm) is also 
in X since X is closed under submodules. Hence we have that q G "^{X), so that 
^{X) is closed under speciahzation. 

On the other hand, let 5 be a specialization closed subset of IJnemax(i?) Spec Rn. 
We shall show $(5*) is a Serre subcategory. Since $(5*) is closed under quotient 
modules and extensions, we sufficiently show that it is closed under submodules. 
Let M be in ^{S) and N be an i?-submodule of M. Set Jm = (^mGAssRM^ 
and R^'^m) ^ l^R/J^. Then M is an artinian ^^'^'^^-module and N is also 

an artinian /^(•^^f^-submodule of M (Lemma 2.2). Since i?^'^^) is a complete 
semi-local ring, Matlis duality is allowed. By using Matlis duality, we can show 
that iV^ is contained in the Serre subcategory generated by M^, where (— )^ = 
Hom^(,7^,)(-,^^(,/,,)(^('^^)/JMi?(''^))). Thus, by Theorem 1.1, Ass^(,^)iVV is 
in UpgAss-(j^)MvV^(p). Since we have the equalities Att^iV — Att^(jji^)iV = 
Ass^(j^)iVV, and Up6Ass^(j^)Mv1^(p) = Up6Att^(j^)M^(p) C S, Attj^N is con- 
tained in S. Therefore N is in ^{S). 

□ 

Acknowledgments. The author express his deepest gratitude to Ryo Takahashi 
and Yuji Yoshino for valuable discussions and helpful comments. 
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